Abstract. In this paper we consider the problem of uniformization of the leaves of a holomorphic foliation by curves in a complex manifold M . We consider the following problems: 1. When is the uniformization function λg , with respect to some metric g, continuous? It is known that the metric is complete. In some local cases we construct such metrics, including the saddle-node (Theorem 1) and singularities given by vector fields with the first non-zero jet isolated (Theorem 2). We also give an example where for any metric g,
§1. Introduction
We will consider the following situation: let F be a holomorphic foliation by curves in a complex manifold M . We will denote by sing(F ) the singular set of F and by L p the leaf of F through a point p ∈ M \ sing(F ) := V . Let
where D is the Poincaré disc {z ∈ C; |z| < 1}, and let In particular, λ| Lp is continuous and 4g λ induces the Poincaré metric on L p (cf. [P] , [V] , [LN] and [C-G] ).
H(D, F ) = {f ∈ H(D,
(III) λ is lower semicontinuous (cf. [C] , [C-G] and [V] ).
In the case where all leaves of F are hyperbolic we will use the following notation: U = {α ∈ H(D, F ); α is an uniformization of some leaf of F}. Now, let µ be a hermitian metric on M \ sing(F ) of class C r , r ≥ 2. Define k µ : M \ sing(F ) → R by k µ (p) = Gaussian curvature of L p at p in the metric µ| Lp .
The following result is known (cf. [LN] ): Theorem A. Let M , F and sing(F ) be as before. Suppose that there exists a hermitian metric µ of class C r (r ≥ 2) on M \ sing(F ), such that:
Then all leaves of F are hyperbolic. Furthermore, if (b) µ is complete (that is, the distance induced by µ on M \sing(F ) is complete). (c) M is compact and all connected components of sing(F )
are hyperbolic in the sense of [K] . Then, any sequence (α n ) n≥1 in U, such that the sequence (α n (0)) n≥1 is convergent, is normal. Furthermore, we have that:
Then U is relatively compact in the topology of uniform convergence in the compact parts of D. Moreover, if sing(F ) is finite, then U = U ∪ S, where
(1) If lim n→∞ α n (0) = p ∈ sing(F ), then (α n ) n≥1 converges to the constant p.
(2) If lim n→∞ α n (0) = p ∈ sing(F ), then any convergent subsequence of (α n ) n≥1 converges to an uniformization of L p . Moreover, the sequence converges if, and only if, (α n (0)) n≥1 is convergent.
The proof of the above result is analogous to the proof of Theorem A found in [LN] . In the next section we will see a generalization of Theorem A.1, in which we will introduce the concept of "F -ultrahyperbolic metric", due to Ahlfors, in the case of Riemann surfaces. Moreover, we will see that in this case the function λ = λ F ,g , defined in ( * ), is continuous and that the metric 4g λ is complete. In fact, in this paper we will be mainly concerned with the following problems. Problem 1. Let M and F be as before and let g be a C r (r ≥ 2) hermitian metric in M . Suppose that all leaves of F are hyperbolic and let λ = λ F ,g be as in ( * ). Under which conditions on M and F is λ continuous? Problem 2. Let M , F , g and λ be as in Problem 1 and suppose that λ is continuous. Under which conditions on M , F and g is the metric License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use
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In §3 we will study Problems 1 and 2 in the local case. Before stating our results in this direction, we will give a definition. We will consider the following situation:
Let X be a germ of holomorphic vector field at 0 ∈ C n , with an isolated singularity at 0 and F the germ of foliation by curves defined by X. Given a bounded neighborhood U of 0 such that there exists a representative of X defined in U , then all leaves of F| U are hyperbolic (from Liouville's Theorem, all holomorphic functions f : C → U are constant). In this case, if g is a hermitian metric on U , we can define λ F ,g as in ( * ). Definition 1. Let X, F be as above, and let g be a hermitian metric defined in a neighborhood of 0 ∈ C n . Given a neighborhood U of 0 such that there exists a representative of X and g defined in U , let F U be the restriction of F to U and λ U = λ FU ,g . We will say that X or F satisfies property P.1 with respect to g, if there exists a neighborhood U of 0 as above, such that λ U is continuous on U \ {0}.
Let h be a hermitian metric on W \ {0}, where W is a neighborhood of 0 ∈ C n . We say that h is complete at 0, if for any C 1 path γ : [0, 1] → U such that γ(0) = 0 and γ(t) = 0 for t = 0, then the length of γ with respect to h is +∞, that is,
Let g be a hermitian metric on a neighborhood U of 0 and µ U = 4g|U λU . We say that X or F satisfies property P.2 with respect to g, if there exists a neighborhood U of 0 such that µ U is complete at 0.
Remark 2. In most cases we will consider g = |dz| 2 = n j=1 |dz j | 2 the euclidean metric on C n . It is not difficult see that, if F satisfies property P.1 or P.2, with respect to |dz| 2 , then it satisfies property P.1, or P.2, with respect to any other hermitian metric. Due to this fact, we will say that F satisfies property P.1 (resp. P.2), if it satisfies property P.1 (resp. P.2) with respect to some metric.
Remark 3. It follows from the Corollary of Proposition 4 of §2.3 that if the germ of F satisfies property P.2, then it satisfies property P.1.
In the direction of Problems 1 and 2 (in the local case), the following result is known (cf. [LN] ): Proposition B. If X has a nondegenerated singularity at 0 ∈ C n , then X satisfies properties P.1 and P.2.
In §2 we will introduce the notion of "F -ultrahyperbolic" metric (cf. ). This notion, togheter with a lemma due to Ahlfors, will allow us to generalize the above result for continuous metrics. We will apply this generalization in some results which will be proved in §3. Our main result in §3 will be the following: Theorem 1. Let X be a holomorphic vector field with a saddle-node at 0 ∈ C 2 . Then X satisfies properties P.1 and P.2.
Recall that p is a saddle node for X, if DX(p) has eigenvalues λ 1 = 0 and λ 2 = 0. Another result that we will prove in §3 is the following: In §3 we will also see that the foliation in C 2 , whose leaves are the level surfaces of y 2 − x 3 , given by the vector field X = 2y∂/∂x + 3x 2 ∂/∂y, does not satisfy property P.2 at 0.
Another problem that we will consider is the following:
Problem 3. Find the growth order of λ F ,g (z) = λ(z), or of 4g|U λF,g , near an isolated singular point p of F , when z goes to p.
In this direction we will prove the following result:
Theorem 3. Let X be a holomorphic vector field in an open bounded ball B = B(0, r) = {z ∈ C n ; |z| < r} ⊂ C n with a singularity at 0 ∈ B and let F be the foliation defined by X. Suppose that
λ . We have the following: (a) If k = 1, that is, 0 is a nondegenerated singularity, then there exist K > 1 and 0 < ρ < r such that
Remark 4. It is possible to prove that the inequalities in (b) are the best possible in the general case (involving expressions which depend only on |z|). In §3 we will sketch the proof of this fact (Example 2).
We would like to propose the following questions: Question 1. Does every isolated singularity satisfy property (P.1)?
For the next question, let F be a holomorphic singular foliation in a compact manifold M of complex dimension n ≥ 2. Suppose that sing(F ) is finite and that all leaves of F are hyperbolic.
Question 2. Is H(D, F ) normal?
Question 3. Let g be a hermitian metric in M , λ = λ F ,g and µ = In this section we state some results which will be used in the proofs of the theorems stated in §1. §2.1. The generalized Ahlfors lemma. In 1938 Ahlfors introduced the concept of an ultrahyperbolic conformal metric in a Riemann surface (cf. [Ah-1] and [Ah-2]). A conformal pseudo-riemannian metric in a Riemann surface S is a quadratic form g in S, which can be written in a holomorphic coordinate system (z, U ) as 
It is not difficult to see that if γ(a) = γ(b), then (γ) > 0. Therefore we can define a distance in S by
; γ is a C 1 curve joining p and q}.
Definition 4. Let g be a conformal pseudo-Riemannian metric in S. We say that g is ultrahyperbolic of curvature bounded by a < 0 if for every p ∈ U with g p = 0, there exist a holomorphic coordinate system (z, U ) around p with z(p) = 0,
We say that g is ultrahyperbolic, if it is ultrahyperbolic of curvature bounded by a < 0, for some a < 0.
Remark 5. We would like to observe that Ahlfors' definition is more general, in the sense that he demands that f is just upper semicontinuous. However, in this paper all metrics that will appear will be continuous.
Remark 6. It is not difficult to see that this concept is well defined and invariant by biholomorphisms. Moreover, if S 1 and S 2 are two Riemann surfaces, F : S 1 → S 2 is a holomorphic nonconstant map and g is a conformal pseudo-Riemannian metric in S 2 , ultrahyperbolic of curvature bounded by a < 0, then F * (g) is also.
The following result was proved by Ahlfors: 
Theorem (Ahlfors Lemma
where d P is the Poincaré distance in S.
Let us state anoother result that will be used. Proof. We observe that if g j = f j (z)|dz| 2 , locally, then
Therefore, in the case of g M the proof follows directly from Definition 4. The case of g + follows from [K] (chapter I), in the case where g 1 , ..., g k are positive and of class C 2 . In the general case, the proof follows from this case and the definition. §2.2. Foliated Ahlfors lemma. We now introduce the notion of an F -ultrahyperbolic metric for a foliation F .
Definition 5. Let M be a complex manifold of dimension ≥ 2 and let F be a singular holomorphic foliation on M . We say that a continuous hermitian form H on M is a F -pseudo-metric if for any leaf L ⊂ M \ sing(F ) of F , the quadratic form h L defined on L by the restriction H| L is a conformal pseudo-riemannian metric on L. We say that H is F -ultrahyperbolic of curvature bounded by a < 0 if for any leaf L of F , h L is ultrahyperbolic of curvature bounded by a < 0. We say that H is F -ultrahyperbolic if it is F -ultrahyperbolic of curvature bounded by a < 0 for some a < 0.
Before state the result let us give a definition.
Definition 6. Let M and F be as above. Suppose that all leaves of F are hyperbolic. We say that U is normal in compact parts (briefly NCP) if U satisfies the following property: ( * ) Any family H ⊂ U, such that {α(0); α ∈ H} is relatively compact in M , is normal.
In particular, if U is NCP, then any sequence (α n ) n≥1 in U, such that (α n (0)) n≥1 converges in M , has a convergent subsequence.
Example 1.
If M is complete hyperbolic in the sense of Kobayashi (cf. [K] ), then all leaves of F are hyperbolic and U is NCP. In particular this is true if M is a bounded ball or polydisc in C n .
The next result is a generalization of Theorems A and A.1. (
Proof. Assertion (a) is immediate from Ahlfors' Lemma. Let us suppose (b) and prove that U is NCP. Let µ be an F -ultrahyperbolic metric of curvature bounded by −a 2 < 0 and g be as in (c). Fix α ∈ U. It follows from Ahlfors' Lemma that
where δ and d are the distances induced by g and µ on M and
In particular U is equicontinuous with respect to δ and d P . In order to prove that U is NCP, it is enough to consider the case H = {α n ; n ≥ 1} where (α n ) n≥1 is a sequence in U such that lim n→∞ α n (0) = p ∈ M . Let us prove that such sequence has a subsequence which converges in the compact parts of D. To do that, it is enough to prove that for any fixed 0 < ρ < 1 the set
In fact, if this is true, it follows from the theorem of Arzela-Ascoli that the sequence of restrictions (α n | D ρ ) n≥1 has a convergent subsequence, for any 0 < ρ < 1. On the other hand, if we apply this fact and diagonal Cantor's method to {α n | Dρ m } m,n≥1 , where ρ m = 1 − 1/m, we get a subsequence of (α n ) n≥1 , which converges in the compact parts of D.
Suppose by contradiction that V is not relatively compact. This implies that there exists a sequence (p k = α n k (z k )) k≥1 in V which tends to infinite in M . On the other hand, it follows from (1) that
This contradicts (b), since the set {δ(α 1 (0), α n (0)); n ≥ 1} is bounded and g is complete. Therefore V is relatively compact. Let us suppose (c). We observe that the proof of assertion (2) is similar to the proof of Theorem A of [LN] , so that we will prove only assertion (1).
Let (α n ) n≥1 be a sequence in U such that lim n→∞ α n (0) = p, where p ∈ sing(F ). We will prove that in this case (α n ) n≥1 converges to α ≡ p in the compact parts of
Since µ is complete B r is compact for all r > 0 and r>0
Therefore, it is enough to prove that given 0 < ρ < 1 and r > 0, there exists
Properties of the function λ F ,g . In this section we consider a singular holomorphic foliation F on a complex manifold M and a continuous hermitian metric g on M . As before, define
As we have seen in §1, λ F ,g satisfies the following properties:
In general λ F ,g is not continuous. In this section we will see some conditions for the continuity of λ F ,g in M \ sing(F ). We will assume that sing(F ) is discrete and that all leaves of F are hyperbolic. In this case λ F ,g < +∞ and 4g λF,g induces the Poincaré metric on the leaves of F , so that the continuity of λ F ,g is equivalent to the continuity of the Poincaré metric on the leaves. Proposition 3. Let M , F , g and λ F ,g be as before. Suppose that U is NCP. Then the following assertions are equivalent:
Proof. Let us prove first that (b), (c) and (d) are equivalent. Clearly (c) =⇒ (b).
(b) =⇒ (c). Suppose (b) and let (α n ) n≥1 be a sequence in U which converges in the compact parts of D to some α :
We need a lemma.
Lemma 1. Let (α n ) n≥1 be a sequence in U which converges in the compact parts of
where S is some subset of sing(F ) and L contains at least one local separatrix of any q ∈ S.
Note. A local separatrix of a singularity q of F is an analytic curve γ contained in a small neighborhood W of q such that q ∈ γ and γ \ {q} is a leaf of F| W (cf.
[
C-S]).
Proof. Suppose that α is not constant. Since sing(F ) is discrete, it follows that
. Let V be the connected component of α −1 (W ) which contains z 1 . It is enough to prove that y(α(V )) = {0}. Suppose the opposite, by contradiction. In this case, since y(α(z 1 )) = 0, we have that y • α : V → W is not constant. This implies that d(y • α)(z 2 ) = 0 for some z 2 ∈ V near z 1 . Since α n converges to α, it follows that d(y • α n )(z 2 ) = 0, for n big enough, so that α n (D) cannot be contained in a leaf of F , a contradiction. This proves the assertion. Now, let F = α −1 (sing(F )), which is a closed subset of D. Since α is not constant and sing(F ) is discrete, it follows that F is discrete. Therefore D \ F = U is connected. It follows from the assertion that U = U zo for some z o ∈ D, which proves the lemma. Now, suppose (b) and let (α n ) n≥1 be a sequence in U which converges in the compact parts of D to some α : D → M , where α(0) = p ∈ sing(F ). Let us prove that α ≡ p. Suppose by contradiction that α is not constant. It follows from
Lemma 2.α is a covering map.
Proof. Since lim n→∞ α n = α and α n ∈ U, it is not difficult to see thatα is an immersion, that is,α (z) = 0 for all z ∈ D\S. Therefore it is sufficient to prove that α satisfies the property of path lifting (cf. [El1] ), that is, for any path γ : 
and lim n→∞ z n = 0. Now, α n is a covering for all n. Therefore we can lift the curve γ n = γ qn to a curveγ n in D such thatγ n (0) = z n , for all n ≥ n o . From (3) we can suppose that
for all n ≥ n o . Since µ induces the Poincaré metric on the leaves of F , this implies that the set { P (γ n ); n ≥ n o } is bounded, where P (δ) denotes the length of a curve δ : [0, 1] → D in the Poincaré metric. Now, this fact and lim n→∞γn (0) = 0 imply that the sequence (γ n ) n≥no has a convergent subsequence, say 
which is a contraction. This implies thatS = ∅.
is normal, and hence it has a convergent subsequence (α k ) ≥1 . It follows from
This finishes the proof of the proposition. Proof. Since V is bounded, it follows from Liouville's Theorem that every holomorphic map f : C → V is constant. This implies that all leaves of F are hyperbolic. 
an increasing sequence of connected open subsets of M and
U = n≥1 U n . Then lim n→∞ λ Un (p) = λ U (p) for all p ∈ U .
Proof. Let us prove (a).
From the Schwarz Lemma we have |β (0)| ≤ 1, so that
which proves (a). Now, let (U n ) n≥1 be an increasing sequence of connected open subsets of M and U = n≥1 U n . Set λ U = λ and λ Un = λ n . It follows from (a) that λ n ≤ λ n+1 ≤ λ, for all n ≥ 1. Fix p ∈ U and n o such that p ∈ U n for all n ≥ n o and let us prove that
With the same type of argument, we can prove that for any compact subset 
License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use Corollary. Let F be a germ of foliation at 0 ∈ C n . If F satisfies property P.2, then it satisfies property P.1.
Proof. Let g = |dz|
2 be the euclidean metric on C n . Since F satisfies property P.2, there exists a neighborhood U of 0 such that F is defined in U and µ U = 4g λU is complete at 0, where λ U = λ F|U ,g . Let B = B r = {z ∈ C n ; |z| < r} ⊂ U and
λB . It follows from Proposition 4 that µ B ≥ µ U , and so µ B is complete at 0. Let us prove that λ B is continuous. Since B is Stein, it follows from Corollary 2 of Proposition 3 that it is enough to prove that if (α n ) n≥1 is a sequence in U, which converges in the compact parts of D to some α : D → M , where α(0) = 0 ∈ C n , then α ≡ 0. On the other hand, the proof of this fact is similar to the proof of (c)(1) in Proposition 2. We leave the details for the reader. §3. Proof of the theorems §3.1. Estimates in the local case. Proof of Theorems 2 and 3. In this section we will consider a germ of foliation F at (C n , 0), given by a germ of holomorphic vector field X with an isolated singularity at 0 ∈ C n . Let e = |dz| 2 = n j=1 |dz j | 2 be the euclidean metric on C n . Given a neighborhood U of 0 where we can define a representative F U of F , we will denote by λ U the function λ FU ,e and by µ U the metric 4|dz| 2 λU . In most cases we will suppose that U is either a ball B r = {z = (z 1 , ..., z n ) ∈ C n ; |z| 2 = n j=1 |z j | 2 < r 2 }, or a polidisk P r = {z ∈ C n ; |z j | < r}. In what follows, we are going to estimate the growth of λ U and µ U when z → 0. The next proposition implies Theorem 2.
Proposition 5. Let F and X be germs as before. Suppose that
, where the components of X k are homogeneous polynomials of degree k, 0 is an isolated singularity of X k , and h.o.t. means "higher order terms". If U = B ρ , where X is defined in B ρ , λ ρ = λ U and µ ρ = µ U , then there exist r > ρ and K > 0 such that
In particular F satisfies properties P.1 and P.2 at 0.
Proof. Consider the hermitian metric h, defined on B r \ {0} by
where r > ρ and |z| 2 = n j=1 |z j | 2 . Let us compute k h , the gaussian curvature of the leaves of F| Bρ . Fix z ∈ B ρ \{0}, and let Z(t) be the solution of dZ dt = X(Z) such that Z(0) = z, which can be defined in a disk D = {t ∈ C; |t| < }. If we consider the leaf of F through z locally parametrized by t → Z(t), then Z * (h) = φ(t)|dt| 2 , where
ln 2 (|Z(t)|/r) .
It follows that
By a direct computation, we get
where above we use the notation z, w = n j=1 z j .w j and |z ∧ w|
In particular, since r > ρ, we have k h (z) < 0 for all z ∈ B ρ \ {0}. Let us prove that if ρ is small enough, then there exists a > 0 such that k h (z) < −a for all z ∈ B ρ \ {0}.
, where X k is homogeneous of degree k and 0 is an isolated singularity of X k , there exists C > 1 and ρ > 0 such that if |z| < ρ, then
, we have
|ln( |z|
2 r 2 )| > 1 =⇒ | X(z), z |z| | 2 + |ln( |z| 2 r 2 )||X(z) ∧ z |z| | 2 ≥ | X(z), z |z| | 2 + |X(z) ∧ z |z| | 2 = |X(z)| 2 , so that −k h (z) ≥ |X(z)| 2 |z| 2k ≥ C −2 if |z| < min{ρ, r √ e
}. This implies that limsup
induces the Poincaré metric on the leaves of
where K = a C 2 . It remains to prove that F satisfies property P.2 at 0 (cf. the Corollary of Proposition 4). This follows from the fact that the metric |dz| 2 |z| 2 (ln( |z| r )) 2 is complete at 0 (cf. [LN] ). Now we prove a result that will be used to obtain estimates for in the other direction. This result will be also used in the next section to study an example that does not satisfy Property P.2.
Let us consider the partial order relation on R n , defined by
We will use the notation R 
where
Proof. Let = ( 1 , ..., n ) be such that j > 0 for all j = 1, ..., n and let
Since x(0) ≺ y (0), there exists δ > 0 such that [0, δ) ⊂ A . Therefore A is a nonempty interval of the type [0, a) or [0, a] , where a ≤ α , a = supA . We assert that a = α .
In fact, suppose by contradiction that a < α . We have
On the other hand,
Hence, if t < α , we have 0 y (t)−x(t), and so a = α . Now, let
Since lim →0 y (t) = y(t), we obtain x(t) y(t), for all t ∈ [0, t o ]. Since t o = α − δ and δ are arbitrary, we have that x(t) y(t) , t ∈ [0, α ). It is clear that if α = 0, then
Remark 7. It is not difficult to see that Gronwall's Lemma (cf. [M-P] ) is a consequence of Proposition 6.
In the next result we will use Proposition 6 to obtain estimates for µ ρ = 4|dz| 2 λρ near 0, in the other direction. This will finish the proof of Theorem 3.
Proposition 7. Let F and X = X k + h.o.t. be germs as in Proposition
Proof. We need a lemma. 
Lemma 3. Let F be a holomorphic foliation on a complex manifold M whose leaves are hyperbolic, and let g be a hermitian metric on M and λ
= λ F ,g . Fix p ∈ M \ sing(F ) and a holomorphic vector field X, which represents F in an open set p ∈ U ⊂ M . Let z(t) be the complex solution of dz dt = X(z) with initial condition z(0) = p. Suppose that z(t) can be extended to a disk D b = {z ∈ C; |z| < b}. Then λ(p) ≥ b 2 .|X(p)| 2 g . Proof. Let α be a uniformization of L p such that α(0) = p.|X(p)| 2 g = |z (0)| 2 g = |β (0)| 2 .|α (0)| 2 g ≤ 1 b 2 λ(p) , and so λ(p) ≥ b 2 .|X(p)|
Assertion. If k = 1, then the solution Z(T ) can be extended to the disk of radius
R 1 (z) = 1 C ln( s |z| ) .
If k > 1, then Z(T ) can be extended to the disk of radius
Proof. Fix w with |w| = 1 and let W (t) = Z(t.w), t ∈ R. Then W is a solution of the real differential equation We have
Let us consider the case k = 1. In this case, y(t) = |z|e Ct is the solution of dy dt = Cy with y(0) = |z|. It follows from Proposition 6 that
Let us consider the case k > 1. In this case, the solution of
On the other hand, the solution of the inequality y(t) < s is
This implies that b ≥ R k (z), and proves the assertion.
Let us finish the proof of Proposition 7. Since λ = λ FU ,e , we get from Lemma 3 that
for any z ∈ B s \ {0}. Let us consider the case k = 1. In this case
, λ is continuous and
which proves (a). In the case k > 1 we have,
Example 2. Let X k be a homogeneous vector field of degree k ≥ 2 in C n , n ≥ 2, with an isolated singularity at 0 ∈ C n . Let F be the foliation defined by X k on the ball B 1 = {z; |z| < 1}. In this example we will see that if we assume that X k is generic, then the estimates in (b) of Theorem 3 are the best possible. We will see that in some directions the order of growth of µ is exactly |dz| 2 |z| 2 (ln|z|) 2 , whereas in other directions its order is
Therefore, in this direction the order of growth of µ is exactly |dz| 2 |z| 2 (ln(|z|)) 2 . Consider now a direction z 1 ∈ ∂B 1 such that X k (z 1 ) = 0 and is not parallel to z 1 . Denote by F k the foliation defined by X k on C n and byL z the leaf of
We will see at the end that, under generic conditions on X k , the leafL z1 (z 1 as above) is uniformized by D. So, suppose thatL z1 is hyperbolic. Given w ∈ C and 0 < |w| < 1, denote by L w the leaf of F through z = w.z 1 ∈ B 1 . Let α w : D → L w and α : D →L z1 be uniformizations of L w andL z1 such that α w (0) = w.z 1 and α(0) = z 1 , respectively. As we have seen H w −1 (L w ) ⊂L z1 , so that we can consider the lifting β :
where C = |α (0)| 2 and |β (0)| ≤ 1 by the Schwarz Lemma. This implies that
which proves that the order of growth is |dz| 2 |z| 2 in the direction of z 1 . It remains to prove that generically the leafL z1 is hyperbolic. Consider first the case n = 2. Let π : C 2 \ {0} → CP (1) be the canonical projection. Consider the set
Since k ≥ 2, under generic conditions on X k , we have that P is finite and has N ≥ 3 elements. In this case F k is transversal to the fibers of π in the open set V = C 2 \ π −1 (P) . This implies that ifL z is a leaf of F k , where z ∈ V , then π|L z :L z → CP (1) \ P is a covering map. Since the universal covering of CP (1) \ P is D, it follows thatL z is hyperbolic.
Suppose now that n ≥ 3. In this case, let M = (C n \ {0}) ∪ CP (n − 1) be the complex manifold obtained by blowing-up once at 0 ∈ C n , P : M → C n be the blowing-up map and π : C n \ {0} → CP (n − 1) be the canonical projection. Then π lifts to a projection π
, whose singularities are nondegenerated, that is, with Milnor's number 1. Since k ≥ 2, it follows from Theorem B of [LN] that all leaves of F * | D are hyperbolic. On the other hand, if
it follows thatL is also hyperbolic. We leave the details for the reader. §3.2. An example which does not satisfy Property P.2. In this section we consider the foliation F defined by the level surfaces of G(x, y) = y p − x q on the polydisk P = {(x, y) ∈ C 2 ; |x| < 1, |y| < 1}, where 1 < p < q. We will prove that is not complete at 0 and that the germ of F at 0 does not satisfy property P.2.
Assertion. There exists a constant
Proof. The leaves of F are the integrals of the complex equation
LetX(x, y) = py p−1 ∂x + qx q−1 ∂y. Fix a point (0, y o ), 0 < |y o | < 1, and let us estimate r > 0 such that the solution of ( * ) with initial condition (0, y o ) can be extended to D r , in such a way that its image is contained in P . Denote this solution by (x(T ), y(T )). For a fixed w ∈ C with |w| = 1, we have
Let (Z(t), W (t)) be the (real) solution of ( * ) with initial condition
where b > 0 is the maximal interval of definition of (Z(t), W (t)). In particular, (x(t.w), y(t.w)) can be extended to this interval. Now, since y p − x q is a first integral of ( * ), we must have (
Let A(t) be the solution of
where N = pq − p − q. Now, suppose that A(t) < 1 for t in some interval [0, c) .
On the other hand, the solution in t of the inequality A(t) < 1 is the solution (x(T ), y(T )) can be extended to the disk of radius r, in such a way that its image is contained in P . It follows from Lemma 3 that
where a = p 2 .c 2 , which proves the assertion. Now the assertion implies that
where C > 0 is some constant. Consider the curve γ(t) = (0, t), t ∈ [0, 1/2]. If is its length in the metric µ P , then
because p/q < 1. This implies that µ P is not complete at 0.
We observe that the same type of argument works for arbitrarily small polydisks P ρ = {(x, y); |x| < ρ , |y| < ρ }. This implies that the germ of F at 0 does not satisfy property P.2 at 0. We leave the details for the reader.
In fact, based in the above argument, we can state the following: 
Proof. After composition of φ with a homothety of C 2 , we can suppose that φ(U ) ⊃ P , where
(|dz| 2 = |dx| 2 + |dy| 2 ). It follows from Proposition 4 that λ 1 ≤ λ, so that µ ≤ µ 1 . On the other hand, g| P is equivalent to |dz| 2 , in the sense that there exists a constant K > 1 such that
Let γ be the curve of the previous example. From the above inequalities we get
Therefore µ is not complete at p. §3.3. Proof of Theorem 1. In this section F will be a germ of foliation at 0 ∈ C 2 with a saddle-node at 0. This type of foliation can be defined by a germ of vector field Y at 0 ∈ C 2 whose eigenvalues of DY (0) are λ 1 = 0 and λ 2 = 0. The main reference for this type of singularity will be [M-R] . It is well known that, after dividing Y by a germ of function u ∈ O * , then, for any k ≥ p + 1, there exists a coordinate system (x, y) around 0, such that 1
where R has multiplicity at least k at 0 ∈ C 2 . This form is known as "Dulac's normal form". As a consequence, it is possible to prove that Y is formally equivalent to a vector field of the typef [x p+1 ∂/∂x + y(1 + αx p )∂/∂y], wheref is a formal series. The vector field
,
which implies that
is complete at 0, this proves Assertion 2 and the proposition.
Proposition 9 proves Theorem 1 in the case where the saddle-node has two local separatrices through 0 ∈ C 2 . However, in general, a saddle-node has just one local separatrix through 0. In this case, in order to construct an F -ultrahyperbolic metric g as in Proposition 9, we have to use the construction of Martinet-Ramis (cf. [M-R]), which gives the analytic moduli in terms of the formal normal form. Next we describe the construction of Martinet-Ramis.
Let us consider a saddle-node given by a vector field
where R has multiplicity at least p + 1 at 0 ∈ C 2 . The construction of MartinetRamis is based on a Theorem of Hukuara, Kimura and Matuda (cf. [H-K-M]). In other words X is equivalent to its formal normal form in S × D by a transformation of the type φ S (x, y) = (x, ψ(x, y) ). We will call a transformation of this type a fibered transformation. We say that φ S is a sectorial normalization of X. , y) ). We call the transformation g S , as above, a sectorial isotropy of X. We have the following theorem.
Theorem. Let S ⊂ C be a sector of the form
This follows from the fact that lim x∈A2(r),x→0 |Φ j (x)| = +∞ (A 2 (r) is a saddle sector).
It follows from (v) that if |c| > M(r, s), then the leaf L j (r, s, c) "ends" somewhere between the extreme directions of S j (r). Observe also that (vi) lim r→0 M (r, s) = 0. Now fix a leaf L 1 (r, s, c) in U 1 (r, s) and let us see how this leaf continues in U 2 (r, s), after the identifications F 1 and F 2 . Since Φ 1 and Φ 2 are solutions of ( * * ) in the sectors A 1 (r) and A 2 (r), we have that Φ 2 (x)/Φ 1 (x) are constants in these sectors, say Φ 2 (x)/Φ 1 (x) = c j = 0 in A j (r), j = 1, 2.
We have In this case, we get from (v) that all leaves L 1 (r, s, c) have at most one continuation in the negative direction and two continuations in the positive direction. Similarly, if r and s are small, then any leaf L 2 (r, s, c) has at most one continuation in the positive direction and two in the negative direction. Now fix r o , s o > 0 as above and let r be so small that φ j (P j ) ⊂ (S j (r o ) × D so ). Denote by F N the foliation obtained by the process of glueing described before and by F the foliation in P defined by X. Fix z o ∈ P , say z o ∈ P 1 (for z o ∈ P 2 the argument is similar) and let L be the leaf of On the other hand, L 1 (c) continues in the negative direction as L 2 (T 1 (c)) := L 2 (r o , s o , T 1 (c)), and, in this direction, it ends in this step. This implies that, if L 1 continues in the negative direction (in P ), then it has at most one continuation in this direction, say L − 2 ⊂ P 2 , where φ 2 (L − 2 ) ⊂ L 2 (T 1 (c)). Since L 2 (T 1 (c)) is parametrized by x ∈ D 2 (T 1 (c)) → (x, T 1 (c).Φ 2 (x)) , it follows that, in this parametrization, π 2 • φ 1 | L1 can be continued analytically as T 1 (c).Φ 2 (x). Similarly, in the positive direction, L 1 (c) and L 1 can be continued at most twice, the first as L 2 (T 2 (c)) and L 1 (T
−1 1
• T 2 (c)), and the second, say as L This finishes the proof of Theorem 1.
